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ON THE SET OF THE DIFFERENCE OF PRIMES
WEN HUANG AND XIAOSHENG WU
Abstract. In this work we prove that the set of the difference of primes is a ∆∗r -set. The
work is based on the recent dramatic new developments in the study of bounded gaps
between primes, reached by Zhang, Maynard and Tao.
1. Introduction
In the present work we investigate on how “large” the set of the difference of primes.
In 1905, Maillet conjectured in [9] that the set of the difference of primes should have the
“largest” form, which contains all even numbers.
Conjecture 1.1. Every even number is the difference of two primes.
Actually, before Maillet’s conjecture, there were two stronger forms of the conjecture.
One was due to Kronecker [8] in 1901:
Conjecture 1.2. Every even number can be expressed in infinitely many ways as the
difference of two primes.
Another is formulated by Polignac [13] in 1849, which has the most general form as
Conjecture 1.3. Every even number can be written in infinitely many ways as the differ-
ence of two consecutive primes.
It is easy to see that the twin prime conjecture is about the lower bound for the set of
the difference of primes in Conjecture 1.2 or 1.3. Recently, based on the GPY[3] sieve
method, Zhang [14] made a breakthrough and proved that there exists an even number not
more than 7×107 which can be expressed in infinitely many ways as the difference of two
primes. Soon after, Maynard [10] and Tao reduced the limit of such even number to not
more than 600. The best known result now is not more than 246, to see [13]. Assume that
the primes have level of distribution θ for every θ < 1, then the best known result now is
12 proved by Maynard [10]. Here, for some given θ > 0, we say the primes have ‘level of
distribution θ’ if, for any W > 0, we have
∑
q≤xθ
max
(a,q)=1
∣∣∣∣pi(x; q, a) − pi(x)
φ(q)
∣∣∣∣ ≪W
x
(log x)W .(1)
Another important aspect of these conjectures is how “large” the set of the difference
of primes. In combinatorial number theory, as well as in dynamics, there are various
notions of “large” sets of integers. Some familiar notions are those of sets of positive
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(upper) density, syndetic sets, thick set, return-time sets, sets of recurrence, Bohr sets,
Nild Bohr0-set, piecewise-Bohr sets and strongly piecewise-Bohr sets. We will give some
basic definitions and elementary considerations of these notions in section 2.
Let D denote the set of even numbers that can be expressed in infinitely many ways as
the difference of two primes. Based on recent breakthrough on the twin prime conjecture,
Pintz proved in [11] that
Theorem 1.4. There exists an ineffective constant C′ such that every interval of type
[M, M + C′] contains at least one even numbers that can be expressed in infinitely many
ways as the difference of two primes, that is to say D is a syndetic set.
Somewhat later, using a different method, Granville, Kane, Koukoulopoulos and Lemke
Oliver obtained the same result in [4].
Definition 1.5. If S is a non-empty subset of N, define the difference set ∆(S ) by
∆(S ) = (S − S ) ∩ N = {b − a : a ∈ S , b ∈ S , b > a}.(2)
If A is a subset of N, A is a ∆∗r-set if A ∩ ∆(S ) , ∅ for every subset S of N with |S | = r; A
is a ∆∗-set if A ∩ ∆(S ) , ∅ for every infinite subset S of N.
In this paper, we prove that D is a “larger” set than a syndetic set.
Theorem 1.6. Let D={d: d can be expressed in infinitely many ways as the difference
of two primes }, then D is a ∆∗r -set for r ≥ 721. If assume that the primes have level of
distribution θ for every θ < 1, we have D is a ∆∗r-set for r ≥ 19.
Actually, we obtain the following inequality for the lower bound of r in Theorem 1.6.
r ≥ C
∏
p≤C
(
1 − 1
p
)−1
,(3)
where C is the lower bound of the length of admissible k-tuple of integers in Zhang-
Maynard-Tao’s theorem, to see section 3 in the following.
It is proved by Green and Tao in [5] that the primes contain arbitrarily long arithmetic
progressions, but we know little about the distribution of the common difference for these
arithmetic progressions. Let P denote the set of all primes and
Cd(P) = {n ∈ N : P ∩ (P − n) ∩ (P − 2n) ∩ · · · ∩ (P − dn) , ∅}.(4)
Huang, Shao and Ye asked the following question in their work [7]
Question 1.7. Is Cd(P) a Nild Bohr0-set ?
When take d = 1, we can see that Question 1.7 actually asks whether D is a Bohr0-set.
From Theorem 1.6, we have the following corollary for this question
Corollary 1.8. Let D={d: d can be expressed in infinitely many ways as the difference of
two primes }, then D is a strongly piecewise-Bohr0 set.
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2. some notations
We begin with basic definitions and elementary considerations for some notions. A set
S ⊂ N is called syndetic if for some finite subset F ⊂ N
⋃
n∈F
(
S − n
)
= N,(5)
where S − n = {m ∈ N : m + n ∈ S }. In other words, S is a syndetic set if it has bounded
gaps, which means that there is an integer k such that {a, a + 1, a + 2, · · · , a + k} ∩ S , ∅
for any a ∈ N.
A set A ⊂ N is called a thick set if it contains arbitrarily long intervals. That is, for
every m ∈ N, there is some n ∈ N such that {n, n+ 1, n+ 2, · · · , n +m} ⊂ A. Thus if A is a
thick set, it must contain a subset in the form
∞⋃
m=1
{
al, al + 1, al + 2, · · · , am + m − 1
}
(6)
for some sequence of integers am →∞.
It is easy to see that a set S is syndetic⇔ N\S is not thick ⇔ S ∩ A , ∅ for any thick
set A. Syndetic set and thick set are fundamental concepts in ergodic theory, for details,
one may see Furstenberg [2].
Definition 2.1. A subset A ⊂ N is a Bohr set if there exists a trigonometric polynomial
ψ(t) = ∑mk=1 ckeiλk t, with the λk real numbers, such that the set
A′ = {n ∈ N : Reψ(n) > 0}(7)
is non-empty and A ⊃ A′. When ψ(0) > 0 we say A is a Bohr0 set.
As a consequence of the almost periodicity of trigonometric polynomials we can see
that a Bohr set is syndetic. We may also define Bohr set and Bohr0 set in an alternative
way, a subset A ⊂ N is Bohr set if there exist m ∈ N, α ∈ Tm, and a open set U ⊂ Tm such
that {n ∈ N : nα ∈ U} is contained in A; the set A is a Bohr0 set if additionally 0 ∈ U.
Bohr-sets are fundamentally abelian in nature. Nowadays it has become apparent that
higher order non-abelian Fourier analysis plays an important role both in combinatorial
number theory and ergodic theory. Related to this, a higher-order version of Bohr0 sets,
namely Nild Bohr0-sets, was introduced in [6].
Definition 2.2. A subset A ⊂ N is a Nild Bohr0-set if there exist a d-step nilsystem
(X, µ, T ), x0 ∈ X, and an open set U ⊂ X containing x0 such that
{n ∈ N : T nx0 ∈ U}(8)
is contained in A.
Bergelson, Furstenberg and Weiss introduced the notion of piecewise-Bohr set in [1].
They defined that a set A is a piecewise-Bohr set if A = S ∩Q, where S is a Bohr set and Q
is a thick set. This notion of piecewise-Bohr set is very simple but weak, a piecewise-Bohr
set defined in this manner is even not necessarily syndetic. Then Host and Kra introduced
a stronger definition of piecewise-Bohr set, named by strongly piecewise-Bohr set in [6].
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Definition 2.3. The set A ⊂ N is said to be strongly piecewise-Bohr, if for every sequence
(Jk : k ≥ 1) of intervals whose lengths |Jk| tend to ∞, there exists a sequence (I j : j ≥ 1)
of intervals satisfying the following.
(i) For each j ≥ 1, there exists some k = k( j) such that the interval I j is contained in
Jk.
(ii) The lengths I j tend to infinity.
(iii) There exists a Bohr set B such that B ∩ I j ⊂ A for every j ≥ 1.
Similarly we may define strongly piecewise-Bohr0 set. With this definition, both strongly
piecewise-Bohr set and strongly piecewise-Bohr0 set are syndetic.
3. Zhang-Maynard-Tao’s theorem
Let k be a positive integer, we say a given k-tuple of integers H = {h1, h2, · · · , hk} is
admissible if
∣∣∣∣
{
n mod p :
k∏
i=1
(n + hi) ≡ 0 mod p
}∣∣∣∣ < p, for every prime p.(9)
In other words, H is admissible if and only if, for any prime p, hi’s never occupy all of
the residue classes modulo p. This is immediately true for all primes p > k; so to test this
condition for a k-tuple of integers H we need only to examine such small primes p ≤ k.
We observe that either Zhang’s work or Maynard and Tao’s work may follow from a
result in the form as
Theorem 3.1. Let H = {h1, h2, · · · , hk} be an k-tuple of integers. If H is admissible and
k ≥ C for some given constant C > 0, then there are infinitely many integers n such that
at least two of the numbers n + h1, n + h2, · · · , n + hk will be prime.
Zhang’s Theorem 1 in [14] proved that C = 3.5 × 106 is available in Theorem 3.1, then
obtained there are infinitely many couples of primes with difference not more than 7×107.
To obtain Maynard-Tao’s theorem, they proved that a much smaller value C = 105 can be
used in Theorem 3.1. In [13] they proved C = 50 is available. If assumed that the primes
have level of distribution θ for every θ < 1, Maynard proved that C may take value 5 in
the theorem and improved the inferior limit of the difference of primes to 12.
4. proof of main results
In this section we prove Theorem 1.6 and Corollary 1.8. We begin with an observation
that if A is a subset of N which has more enough elements, then A contains at least an
admissible k-tuple of integers H = {h1, · · · , hk}. To find an admissible k-tuple of integers,
we only need to consider such primes Pk = {p : p ≤ k}. For any prime p1 ∈ Pk, we have
that
|A| =
∑
a mod p1
∑
g∈A
g≡a mod p1
1,(10)
so there exists an integer bp1 such that
|{g ∈ A : g ≡ bp1 mod p1}| ≤ |A|/p1.(11)
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Let
A1 = A \ {g ∈ A : g ≡ bp1 mod p1}.(12)
It is easy to see that
|A1| ≥ |A|
(
1 − 1
p1
)
(13)
Then for another prime p2 ∈ Pk with p2 , p1, we can also choose a bp2 so that
|{g ∈ A1 : g ≡ bp2 mod p2}| ≤ |A1|/p2.(14)
The same to A1 we may get a set
A2 = A1 \ {g ∈ A1 : g ≡ bp2 mod p2}(15)
with
|A2| ≥ |A1|
(
1 − 1
p2
)
(16)
Repeating this process one prime at a time, with p varying over the elements of Pk, we
eventually obtain a set
Api(k) = A \
⋃
p∈Pk
{
g : g ≡ bp mod p
}
(17)
after pi(k) steps and the cardinality of this set is
|Api(k)| ≥ |A|
∏
p∈Pk
(
1 −
1
p
)
.(18)
Here pi(k) denote the number of primes not more than k.
From (17) we have that, for any p ≤ k, elements of Api(k) never occupy all of the residue
classes modulo p. Thus if
|Api(k)| ≥ k,(19)
any k-tuple of integers H ⊂ Api(k) is admissible. By (18), to meet the condition (19), we
just need assure A large enough that
A ≥ k
∏
p≤k
(
1 −
1
p
)−1
.(20)
Thus we have that any large enough subset A of N, which has at least k∏p≤k
(
1 − 1p
)−1
elements, contains at least an admissible k-tuple of integers H = {h1, · · · , hk}.
However, Theorem 3.1 tells us that when take the integer k ≥ C, we may have there are
infinitely many integers n such that at least two of the numbers n + h1, n + h2, · · · , n + hk
will be prime. So there must be some integers hi, h j ∈ H ⊂ A, hi > h j that hi − h j can be
expressed in infinitely many ways as the difference of two primes, that is to say
∆(A) ∩ D , ∅.(21)
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From the discussion above we may have the following conclusion. For any subset A of
N with at least C
∏
p≤C
(
1 − 1p
)−1
elements, we have that
∆(A) ∩ D , ∅.(22)
That is to say D is a ∆∗r-set for any r with
r ≥ C
∏
p≤C
(
1 −
1
p
)−1
.(23)
Here the constant C is given in Theorem 3.1. Unconditionally, the smallest possible
value of C that we can take now is 50, to see [13]. So, from (23), we have r ≥ 720.96,
and D is a ∆∗721-set.
If assumed that the primes have level of distribution θ for every θ < 1, Maynard proved
in [10] that C = 5 is available. Thus under this condition, we have r ≥ 18.75 in (23), and
then D is a ∆∗19-set.
To prove the corollary, we need the following lemma.
Lemma 4.1. Every ∆∗-set is a strongly piecewise-Bohr0 set.
This lemma is Theorem 2.8 in Host and Kra’s work [6]. We have proved that D is a
∆∗r -set above, so it is obviously a ∆∗-set. Now it is easy to see that Corollary 1.8 is a direct
result of Lemma 4.1.
References
[1] V. Bergelsom, H. Furstenberg and B. Weiss. Piecewise-Bohr sets of integers and combinatorial num-
ber theory (Algorithms and Combinatorics, 26), Springer, Berlin, 2006, pp. 13-37.
[2] H. Furstenber, Recurrence in ergodic theory and combinatorial number theory, M. B. Porter Lectures.
Princeton University Press, Princeton, N.J., 1981.
[3] D. A. Goldston, J. Pintz, and C. Y. Yildirim, Primes in tuples. I., Ann. of Math. (2) 170 (2009), no. 2,
819-862.
[4] A. Granville, D. M. Kane, D. Koukoulopoulos and R. J. Lemke Oliver, Best possible densities of Dick-
son m-tuples, as a consequence of Zhang-Maynard-Tao, Available at http://arxiv.org/abs/1410.8198.
[5] B. Green, and T. Tao, The primes contain arbitrarily long arithmetic progressions, Ann. of Math. (2)
167 (2008), no. 2, 481-547.
[6] B. Host, and B. Kra, Nil-Bohr sets of integers, Ergod. Th. & Dynam. Sys. 31, (2011), 113-142.
[7] W. Huang, S. Shao and X. Ye, Nil Bohr-sets and almost automorphy of higher order, to appear in
Memoirs of the Amer. Math. Soc.
[8] L. Kronecker, Vorlesungen u¨ber Zahlentheorie, I., p. 68, Teubner, Leipzig, 1901.
[9] E. Maillet, L’interme´diaire des math. 12 (1905), p. 108.
[10] J. Maynard, Small gaps between primes, Ann. of Math. (2) 181 (2015), no. 1 383-414.
[11] J. Pintz, Polignac numbers, conjectures of Erdo¨s on gaps between primes, arithmetic progressions in
primes, and the bounded gap conjecture, Available at http://arxiv.org/abs/1305.6289.
[12] A. de. Polignac, Recherches nouvelles sur les nombres premiers, Comptes Rendus Acad. Sci. Pairs 29
(1849), 397-401, Rectification: ibid. pp. 738-739.
[13] D. H. J. Polymath, Available at http://arxiv.org/abs/1407.4897.
[14] Y. Zhang. Bounded gaps between primes, Ann. of Math. (2) 179 (2014), no. 3 1121-1174.
6
School of Mathematical Sciences, University of Science and Technology of China, Hefei 230026, P.
R. China.
E-mail address: wenh@mail.ustc.edu.cn
School ofMathematics, Heifei University of Technology, Hefei 230009, P. R. China
E-mail address: xswu@amss.ac.cn
7
